Ultralight degrees of freedom coupled to matter lead to resonances, which can be excited when the Compton wavelength of the field equals a dynamical scale in the problem. For binaries composed of a star orbiting a supermassive black hole, these resonances lead to a smoking-gun effect: a periastron distance which stalls, even in the presence of gravitational-wave dissipation. This effect, also called a floating orbit, occurs for generic equatorial but eccentric orbits and we argue that finite-size effects are not enough to suppress it.
I. INTRODUCTION
Massive scalars or pseudoscalars are a natural extension of General Relativity and have been used in the Peccei-Quinn theory or improvements thereof to solve the strong CP problem, in scalar-tensor modifications of gravity, as dark matter models, and in most cosmological models. They arise as moduli and coupling constants in string theory and we now know that at least one scalar exists in nature, namely the Higgs boson. For reviews, see, for example, Refs. [1, 2] .
Consider a massive scalar field ϕ of mass m s = µ s , coupled nonminimally to matter and described at linear order by the Klein-Gordon equation sourced by a scalar charge, − µ 2 s ϕ = αT .
(
The source T is the trace of the stress-energy tensor and α describes a scalar charge for matter. This equation describes a wide range of situations [3] [4] [5] [6] . Take a dynamical situation for which the source T is a periodic function of time and describes, for example, a two-body problem of characteristic frequency Ω p . It is then clear that, for scalars with an "eigenmode" at ω = mΩ p , a resonance will be excited by the periodic motion, with m an integer. In Refs. [3, 4] this was shown to be correct for a system composed of a supermassive, spinning black hole (BH) and a pointlike star, driven by gravitational-and scalar-wave emission. The resonance occurs at ω = mΩ p ∼ µ s and leads to the following: (i) There is a surprising effect for BHs spinning above a critical, µ s -dependent threshold. Because of superradiance [7] , matter can hover into "floating orbits" for which the net gravitational energy loss at infinity is entirely provided by the BH's rotational energy. Orbiting bodies remain floating until they extract sufficient angular momentum from the BH, or until perturbations or other effects disrupt the orbit.
(ii) There is a speedup in the inspiralling of the star, when the resonance is nonsuperradiant. In other words, for slowly spinning BHs, the orbiting star "sinks" in, once it comes across the resonance.
Floating is, in this context, a nonperturbative effect due to a resonance between the BH and the scalar field (more precisely, induced by the massive term). Any resonant, nonperturbative phenomenon is extremely ("nonperturbatively") sensitive to perturbations of the conditions that give rise to resonance. Several effects could suppress the resonances, most notably eccentric orbits, finite-size effects and conservative self-force effects. The purpose of this work is to compute accurately the resonance details for eccentric orbits, and to estimate whether finite-size effects can destroy the resonances. We show that neither eccentricity nor finite-size effects seem able to affect the resonance significantly.
II. SETUP
We consider a stellar-mass compact object inspiralling into a supermassive BH. For such extreme mass ratio inspirals (EMRIs), generic scalar-tensor theories reduce to massive or massless Brans-Dicke theory [4] and the field equations for the scalar field at the first-order perturbation are given by Eq. (1). Our main results are, to a large extent, independent of the source term on the right-hand side, but for concreteness we focus on source terms of the form
corresponding to the trace of the stress-energy tensor of a point particle with mass m p , whereḡ (0) is the background (Kerr) metric and X(τ ) is the orbit of the particle.
A. Eccentric orbits in the equatorial plane of a black hole
EMRIs in the eLISA band are expected to have orbital eccentricities, of the order of ∼ 0.7 [8] . The orbital inclination of the particle would increase (decrease) for prograde (retrograde) orbits due to the emission of gravitational waves and the rate of change of the orbital inclination is very small [9] [10] [11] [12] [13] [14] [15] [16] . Thus, it is expected that a typical EMRI has both an orbital eccentricity and an orbital inclination. In this section, however, and for simplicity, we focus on eccentric orbits on the equatorial plane of the Kerr BH and investigate if the orbital eccentricity affects resonance. We discuss the effect of the orbital inclination on the resonance in Sec. IV.
When the particle moves on the equatorial plane of the Kerr BH, the equations of motion are given by
where E and L are the energy and the angular momentum of the particle,
Geodesics in the equatorial plane of the BH could be specified by the constants of motion (E, L). For the case of a bound orbit in the equatorial plane, one can use another set of orbital parameters (p, e), where p is a semilatus rectum and e is an eccentricity. Using two turning points of the radial motion, the apastron r a and the periastron r p , (p, e) can be defined through
Solving R(r p ) = 0 and R(r a ) = 0 in Eq. (3), one can compute the set of the constants of motion (E, L) in terms of a given set of orbital parameters (p, e). It is worth noting that for a bound orbit in the equatorial plane one can compute two fundamental frequencies, Ω r and Ω φ , as [17] Ω r = 2π 2 ra rp dr dt dr
We also note that the fundamental frequencies can be expressed in elliptic integrals [18, 19] .
B. Energy fluxes
Expanding the scalar field in scalar spheroidal harmonics and Fourier transforming,
one can rewrite the Klein Gordon equation in the form
where [20] 
λ s is the eigenvalue of the scalar spheroidal harmonics S lm (θ) [4] and
(dt/dτ ) δ(r − r(t)) , (10) for eccentric and equatorial orbits, where S * lm = S * lm (π/2). To solve the wave equation, we choose two independent solutions X r+ lmω and X ∞ lmω of the homogeneous version of Eq. (9) , satisfying the boundary conditions 1 [3, 4] X ∞,r+
lmω ∼ e ik∞,r + r * as r → ∞, r + ,
where
Here we take the Kerr geometry written in Boyer-Lindquist coordinates, and r + is the location of the event horizon in those coordinates.
Equation (9) can be solved by the Green's function method
where W is the Wronskian of the two homogeneous so-
The inhomogeneous solution has the asymptotic form at infinity as
For eccentric and equatorial orbits, the source function T lmω has a discrete frequency spectrum and henceZ ∞ lmω is given by [17] 
where ω mk = mΩ φ + kΩ r and
Similarly, at the horizon,
The asymptotic behaviors of the radial function X lmω for r → ∞ and r → r + can be found by analyzing that of the potential function, Vs → k 2 ∞ (Vs → k 2 + ) for r → ∞ (r → r + ). See for example Sec.V of Ref. [21] .
and
The scalar energy fluxes through a sphere at infinity and at the horizon are given by
In scalar-tensor theories, the equations for gravitational perturbations about the Kerr background are reduced to a differential equation for the Weyl scalar Ψ 4 [4] , which satisfies the Teukolsky equation [21] . One can separate the differential equation into radial and angular parts using the Fourier-harmonic decomposition,
where S lmω (θ) is the spin-2 spheroidal harmonics [4] . The separated radial equation takes the form
λ g is the eigenvalue of the spin-2 spheroidal harmonics S lmω (θ) and T lmω is the source term derived from the energy-momentum tensor of the point particle.
From the asymptotic behaviors of the potential function V g for r → ∞ and r → r + , the asymptotic forms of the solutions of the radial equation are derived as [21] 
Since the source term T lmω becomes discrete in ω for eccentric and equatorial orbits,Z ∞ lmω andZ r+ lmω are given byZ
The gravitational energy fluxes through a sphere at infinity and at the horizon are given by
dE dt
and C S is the Starobinsky constant given by [22] 
C. Orbital evolution
As explained in Sec. II A, for equatorial orbits the constants of motion of the particle, (E, L), depend on a semilatus rectum p and an orbital eccentricity e, i.e. E = E(p, e) and L = L(p, e). The orbital evolution of the particle dp/dt and de/dt can be estimated by the following relation:
Using balance arguments for the energy and the angular momentum, one can compute the rate of change of the constants of motion dE/dt and dL/dt due to the gravitational and the scalar fluxes, which are computed in Sec. II B. Inverting the above equations one can find dp/dt and de/dt. For circular orbits, dp/dt = (∂E/∂p) −1 dE/dt since de/dt = 0. For sufficiently large p, the gravitational fluxes reduce the orbital radius and the orbital eccentricity. However, the orbital eccentricity can increase (de/dt > 0) near the last stable orbit (LSO), which is the boundary between stable and unstable orbits [15, 17, [23] [24] [25] . Thus, while critical orbits such that de/dt = 0 near the LSO are possible, the condition dp/dt = 0 is harder to meet. Floating orbits, with dp/dt = de/dt = 0, might be possible if dE/dt = 0 and dL/dt = 0 when the gravitational fluxes are entirely compensated by the scalar fluxes due to superradiance for a wide range of scalar-field masses [3, 4] .
III. RESULTS
We have solved the above equations with an independent code and recovered to within numerical accuracy the results reported in Refs. [3] and [4] for the case of circular orbits. Our numerical code was developed in Ref. [15] to compute the total gravitational energy flux for eccentric for q = 0.99, l = m = 1 and n = 0. The point particle is orbiting on a circular geodesic. Note that the location (height) of the resonance agrees with that in Table I of Ref. [3] and orbits; we truncate the mode sum at l = 7 to compute the flux. When computing the scalar energy flux at the horizon for l = m = 1, we sum over the k-modes, in order to achieve convergence at a few decimal places.
In Table I we list orbital radius at resonance in a circular orbit and the corresponding height of scalar energy flux at the horizon for l = m = 1 and the n = 0 mode, and we find results from the independent code are consistent with that in Table I of Ref. [3] and Table II of Ref. [4] . We note that these resonances occur when frequencies of waves are close to the mass µ s as [26] 
We also note that the height of the scalar flux at resonance is almost same at least for the first few overtone modes [3] .
A. Eccentric orbits
The possibility of the existence of floating orbits, i.e., orbits for which the evolution is dominated by superradiance was demonstrated for circular orbits [3] . It was also argued, but not calculated, that a small eccentricity would not affect the results.
In this section, we consider the case of eccentric orbits on the equatorial plane of the BH to examine if a floating is possible for massive scalar field. As a code check to compute the scalar energy flux for eccentric orbits, we have compared the energy flux with the one at the leading post-Newtonian order in Ref. [27] , and found our results are consistent for the case of eccentric orbits and the massless scalar field.
In Fig. 1 , we compare the total gravitational energy flux with the modal scalar energy flux at the horizon for l = m = 1, n = 0, and k = −1, 0 and 1 when q = 0.99, µ s M = 0.01, α = 0.01 and e = 0.1. In the figure, we find three peaks in the scalar energy flux at the horizon corresponding to k = −1, 0 and 1 modes from left to right, and find that floating would be possible for k = 0 Table II .
and 1 modes. In Table II , we also show the location, the height of the peak and the critical value of α for a floating orbit to be possible. We fix l = m = 1, n = 0, q = 0.99 but vary µ s M , the k-mode and the orbital eccentricity. We note that α crit in the table is smaller than current bounds on α for most of cases, and hence the orbital eccentricity would not reduce the resonance effect significantly.
B. Finite-size effects on resonance
In this section, we would like to estimate finite-size effects on these superradiant resonances. A proper treatment is too complex and outside the scope of our work. Instead, we will estimate finite-size effects by modeling an extended body as made up of a collection of pointlike noninteracting particles. Such simplification is not new [29] [30] [31] [32] ; however, one needs to exercise extra care in this context. If the swarm of particles is to describe a compact object, then one needs to impose that the radial and angular extent is kept finite at all times. There are at least two different ways to realize this idea and restriction.
In Sec. III B 1, we deal with particles on a circular orbit. These particles mimic a body which is extended in the angular direction but pointlike in the radial direction. In Sec. III B 2, we drop the assumption that the particles composing the body are on a circular orbit and consider instead particles in eccentric orbits around the equatorial plane of a Kerr BH. Generically, the proper distance between these two particles varies substantially, and the swarm of particles would not mimic a compact, rigid body. However, for particles with the same fundamental frequencies and (slightly) different orbital param- Floating is possible when α ≥ αcrit. Note that, for scalar-tensor theories, αcrit is well below current observational constraints for µs considered in the table [28] , for eccentricities e = 0.1, 0.3 for example. eters, i.e. in "isofrequency pairing" [33] , then the proper distance between the particles is finite and varies only slightly and in a controlled way as time goes by. These are therefore a good model also for an extended body.
Particles in a circular orbit
Let us first start with a body which is pointlike in the radial direction and composed of 2N + 1 identical pointlike particles of mass µ/(2 N + 1) in a circular orbit around a Kerr BH of mass M . We set the orbit of the jth particle as
0 ). We choose δ = arcsin(µ/r 0 ), in order to model the typical size of a stellar-mass compact star in a circular orbit around a Kerr BH. Note in the limit N → ∞ the group of the particles represents a circular arc with the angular size δ. (For the case δ = 2π, i.e. a ring, see Sec. 6.1 of Part II in Ref. [29] .)
The source term of the field equations takes the form 
ℓmω is the source term of a single particle. The condition f (m, N ) ≤ 1 means that in general there are phase cancellations when we take into account the finite-size effects by using a group of particles in a circular arc. In other words, for a given total mass of the object, point particles radiate the most [29] [30] [31] [32] . Note, however, that the cancellation is in general very small since δ = arcsin[(µ/M )(M/r 0 )] ≪ 1. Figure 2 shows numerical values for 1 − f (m, N ) for δ = 10 −5 , 10 −7 . We find that 1 − f (m, N ) < 10 −10 for m ≤ 3, N ≤ 10 10 and δ ≤ 10 −5 . Moreover, the cancellation affects both the scalar and gravitational channels equally. Thus, the suppression is under control, and this type of finite-size effects cannot suppress floating or the resonances.
Particles in isofrequency orbits
Let us now consider an object which is of finite extent in both the radial and azimuthal directions. As a simple toy model, take two particles which are in isofrequency pairing [33] for eccentric orbits around the equatorial plane of a Kerr BH.
In an isofrequency pairing situation, two different orbits can have the same fundamental frequencies near the last stable orbit, satisfying the conditions,
φ ) is the radial (azimuthal) frequency of the jth particle and j = 1, 2. Figure 3 shows contours for Ω r in the (Ω φ , e) parameter space when q = 0.9, where e is the eccentricity of the Table III. orbit defined through r = p/(1 + e cos χ) and χ is the relativistic anomaly parameter. (See also Figs. 1 and 3 in Ref. [33] .) This figure suggests that one can find isofrequency orbits of which the orbital parameters are very similar, p
(1) ∼ p (2) and e (1) ∼ e (2) , in the region close to the curve along which the Jacobian matrix of the transformation (p, e) ↔ (Ω r , Ω φ ) becomes singular.
Since
where T r = 2π/Ω r and ∆φ (j) (t) is the oscillating part of φ (j) (t) with the period T r , r (1) (t) − r (2) (t) and φ (1) (t) − φ (2) (t) might be constant in the time-averaged sense, if isofrequency orbits have very similar orbital parameters.
In Table III , we show examples of isofrequency orbits for q = 0.7, 0.9 and q = 0.99. In the table, we choose the difference of orbital parameters for two particles to be as small as 1 − p (2) /p (1) ∼ 10 −7 and 1 − e (2) /e (1) ∼ 10 −6 . We still need to show that the distance between the two particles on these orbits is bounded from above by values that can mimic a compact star. This study is shown in Fig. 4 , where we show the distance between the two particles as a function of time. This distance in fact is limited to values bounded from above by the length scale of mass µ = (µ/M )M ∼ 10 −5 M . Thus, isofrequency orbits can be used to investigate some of finite-size effects from two particles.
In Table IV , we compute the height of the resonant scalar flux when q = 0.99, l = m = 1, and k = 0. We find that the relative difference in the flux for two particles in isofrequency orbits, dE (1) 
(1) r ∼ 10 −13 . Note also that the high precision of the parameter values is necessary for the orbital frequencies to agree in the 13 digits. This order of accuracy is necessary because, near the separatrix, small changes in the orbital parameters can result in comparatively large changes in the frequencies. The total energy flux refers to expression, and intends to describe the total flux from a particle with fixed mass (and equal to the masses of the individual particles 1 and 2). 2.0⋅10 -6 3.0⋅10 -6 4.0⋅10 -6 5.0⋅10 -6 6.0⋅10 Table III . A bounded value of 0 < |x (1) (t) − x (2) (t)| 10 −5 M for the difference in position between both particles indicates that the two particles stay in the length scale of mass µ ∼ 10 −5 M .
e, ∼ 10 −6 . We define two notions of total energy flux, intended to describe an object with fixed total mass. The "averaged flux" is computed as the average of the fluxes of the first and second particles, i.e.,
r+ lmk /2. The "total" flux, on the other hand, is computed using the source term
ℓmω is the source term of the jth particle with j = 1, 2. The relative difference in the scalar flux for the total and averaged flux is around 10 −10 or better, which is ∼ (1 − e (2) /e (1) ) 2 and might be understood from Eq. (17) .
Another issue concerns the extension to N particles in isofrequency orbits: there is no guarantee that isofrequency orbits exist for N -particle systems when N ≥ 3 (see, for example, Figs. 1 and 3 in Ref. [33] ). We may, however, deal with N -particle systems by considering Ω
, and e (i) ∼ e (j) with
M where i, j = 1, 2, ..., N , which can be found not only in the region near the LSO but also farther away.
In fact, one can find such quasi-isofrequency orbits when p
(1) ≤ p ≤ p (2) . If we define a semilatus rectum p as
where i is a positive integer and 1 ≤ j ≤ 2 i−1 , we can find corresponding orbital eccentricity e (i,j) which gives (1) . The averaged scalar flux is the average of the fluxes of the first and the second particles. The total scalar flux is computed using the source term T
(1)
ℓmω is the source term of the jth particle with j = 1, 2. The relative difference between the scalar flux for the total and averaged flux is around 10 −10 or better, which is ∼ (1 − e (2) /e (1) ) 2 and might be understood from Eq. (17) . (i, j) = (0, 1) and p (0,2) ≡ p (2) when (i, j) = (0, 2), the total number of particles for 0 ≤ i ≤ i max is given as N = 2 imax + 1. We note, for the N particle, the difference in semilatus rectums for neighboring particles is given as (p (2) − p (1) )/(N − 1). We compute the scalar flux for the N particle using the source term
ℓmω is the source term of the particle with the orbital parameters p (i,j) and e (i,j) . In Fig. 5 , the absolute values of the relative difference in the scalar flux for the N particle and that for total are shown as a function of N when q = 0.99, l = m = 1, k = 0 and 0 ≤ i max ≤ 10, i.e., 2 ≤ N ≤ 1025. The explicit value of the total scalar flux is shown in Table IV . We choose the total flux as a fiducial value for the comparison since the relative difference in the flux between that and the average estimate with the orbital parameters p (1, 1) and e (1, 1) , which is the center of the N particle along the radial direction, is ∼ 10 −11 or smaller. Since this difference is smaller than the relative difference in the orbital parameters of the N particle (1 − e (2) /e (1) ) 2 , the finite-size effects along the radial direction are not enough to suppress floating or the resonance. Table IV .
IV. CONCLUSION AND DISCUSSION
We have considered a stellar-mass compact star orbiting a supermassive BH in scalar-tensor theories. In Refs. [3, 4] it was shown that a floating, circular orbit is possible due to resonances excited when the orbital period becomes comparable to the mass of the scalar field. In this paper, we have extended the analysis in Refs. [3, 4] to eccentric orbits and to a group of test particles to investigate whether resonances due to the coupling of the scalar field to matter in EMRIs are affected by the orbital eccentricity and finite-size effects of the orbiting star, modeled by the group of particles. We have found that these effects do not reduce the resonance significantly.
From Tables I and II , it is found that, for a given µ s , scalar fluxes for the case of a circular orbit are comparable to those for the case of a low eccentric orbit with k = 0. As the orbital eccentricity and |k| increase, however, there appears an order of magnitude difference in fluxes for circular and eccentric orbits for a given µ s . This might be understood as follows: the scalar energy fluxes are computed through Eqs. (16) and (17), which require the Wronskian and the integration in time for the asymptotic amplitudes Z ∞ lmk and Z r+ lmk . Since the Wronskian is computed from the two homogeneous solutions of the Klein-Gordon equation and is independent of the radial coordinate, its value for an eccentric orbit for a given set of q, l, m, n, µ s and resonant frequency is the same as that of a circular orbit. Thus, the main difference in the scalar flux calculation between circular and eccentric orbits at resonances for a given µ s lies in the integration to find Z ∞ lmk and Z r+ lmk . Noting the integration becomes zero for circular orbits when k = 0, we may find that the integration for eccentric orbits when k = 0 is an order of magnitude smaller than that for circular orbits when k = 0 for a given µ s . The same argument carries over to inclined orbits, and one therefore expects that orbital inclination does not reduce the resonance significantly.
We have also considered a collection of point particles, which were intended to mimic extended bodies and finitesize effects on the resonance. We found that finite-size effects along the azimuthal direction do induce a phase cancellation, but the cancellation is very small and typically unimportant. Since the cancellation affects both the scalar and the gravitational flux equally, we expect that finite-size effects along the azimuthal direction are not enough to suppress floating or resonance. We then considered particles in quasi-isofrequency orbits, that are an extension of isofrequency orbits [33] , to take into account finite-size effects along the radial and azimuthal directions. Again we found that this type of finite-size effects is very small and is below the relative difference in orbital parameters of particles. Thus we expect that finite-size effects modeled by a collection of particles are not enough to suppress floating or resonance.
The spin of the orbiting particle is another ingredient that should be considered to investigate finite-size effects on the resonance. The orbits of a spinning particle can be chaotic [34] [35] [36] [37] [38] [39] [40] [41] , and one might not be able to deal with the system in the frequency domain. At linear order in the spin of the particle, however, it is possible to define frequencies of the orbit and spin precession for simple cases [42, 43] . For generic orbits, it is not clear if one can define frequencies of the orbit and spin precession, although there still exist three constants of motion [44] . Reference [45] suggests solving the evolution of the orbit and the spin of the particle using the osculating geodesic method [46] , making it possible to define the frequencies of the orbit and spin precession at each geodesic [45] . In this case, however, the frequencies of the orbit and spin precession oscillate in time, and the time scale of the oscillation is comparable to that of orbits. If the amplitudes of the oscillation in the frequencies are larger than the width of the resonance in the frequency, floating may not be possible or may not last long enough to distinguish it from nonfloating orbits.
In summary, we computed the scalar and gravitational energy flux to investigate whether floating is possible for eccentric orbits or for extended bodies. These fluxes are the time-averaged dissipative part of the first-order selfforce that would induce deviations from the geodesic motion at the first order in the mass ratio of the system [47] [48] [49] . The conservative self-force is the remaining part of the self-force which is free from dissipation in the system. When one considers the motion taking into account the first-order conservative self-force, one may define orbital frequencies in the "conservative" effective spacetime [50] . Those frequencies might not coincide with resonant frequencies even if orbital frequencies in geodesic motion coincide with a resonant frequency. It is therefore important to solve the self-force equation in scalar-tensor theories [51] and to compute the self-force to investigate the stability of floating orbits. These issues are left for future works.
